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A familyY" of cuts of an undirected graph G=( V, E) is known to have the weak MFMC- 
property if (i) #:is the set of T-cuts for some Tc= V with I TI even, or (ii).°.~is the set of two-com- 
modity cuts of G, i,e. cuts separating any two distinguished pairs of vertices of G, or (iii).~ is the set 
of cuts induced (in a sense) by a ring of subsets of a set T~ V. In the present work we consider a 
large class of families of cuts of complete graphs and prove that a family from this class has the 
MFMC-property if and only if it is one of (i), (ii), (iii). 

1. Introduction 

Let ~ be a family o f  nonempty  subsets o f  a finite set E. For  IERE+, a map 
f: ~ - ~ R +  is called l-admissible if the packing condition 

~ ( f ( F ) :  eEFE~'-) --< l(e) 

holds for  each eEE (R+ is the set o fnonnega t ive  reals). The maximum packing prob- 
lem for E, ~ and lis to find an/-admissible f u n c t i o n f o n  ,~- with 1 - f =  ~(f (F):FE,~-)  
maximum;  this maximum is denoted by p ( ~ ,  l). We  say that  a subset B E E  meets 

i fB  meets every set F in  ,~ (i.e. B A  FRO). The blocker b ( ~ )  o f ~  is the collection 
o f  minimal (with respect to inclusion) subsets o f  E meeting -~-. It  is easy to show that  
p(a~-, l)<=l(B) for each BEb( ,~)  (for a real-valued function g on a finite set S and 
a subset S'c=s, g(S ' )  denotes ~ ' ( g ( x ) :  xES ' ) ) .  ~ is said to have the (weak) 
MFMC-property [8] if the equality 

p ( ~ , / )  = min {I(B):BEb(~)} 

holds for any /ERE+. In other words,  it means that  all vertices o f  the unbounded  poly- 
hedron  {xERZ: x_~0, x(F)>=lVFE,,~} are integral. 

The problem o f  characterizing (in " g o o d "  terms) the class o f  families having 
the M F M C - p r o p e r t y  is open and seems to be hard  enough  (if such a characterization 
exists at  all). In the present .work we consider a special class o f  families. Namely,  we 
are interested in families o f  cuts o f  a complete undirected graph. For  any finite set 
W, let Kw denote the complete undirected g raph  with vertex-set and edge-set W and 
E ( W ) ,  respectively. An edge between x and y may be denoted by xy. For  X ~  W, 
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3X=OWX denotes the set of edges of K w with one end in X and the other in W - X .  
CC=E(W) is called a cut of K w if C=OX for some proper subset X of W, i.e.: 
O # X c W .  

Throughout this paper we shall deal with the tbllowing objects: a complete 
graph Kv, a subset T o f  Vand a collection d o f  proper subsets of T; we refer to Tand  
~¢ as a set of terminals and a scheme on T, respectively. For  a set W 2 T and a sche- 
me d on T, let g '" ' (d)  denote the set of cuts C in K w such that C=OwX for some 
X c W  with X(~ TEd.  The question is: for what V, T a n d  d d o e s  cgv(d) have the 
MFMC-property? Here are three examples of  such collections. 

Example 1. [T] is an even integer, and d consists of all odd subsets of T (the members 
of  ~ v ( d )  are usually called T-cuts). It follows from a theorem of  Edmonds and 
Johnson [2] that such a family cgv(d) has the MFMC-property (see also [7, 10]). 

Example 2. T={s , s ' , t , t ' }  and d={{s , t } ,  {s, ~!2~ i.e., cgv(d) consists of  all cuts 
in Kv containing both edges ss" and tt . The fact c6~v(d) has the MFMC-property 
follows from the two-commodity flow theorem of  Hu [4] and a general theorem of 
Lehman [6] (see also [3, 9]). 

Example 3. Let d be a ring of  subsets of T (i.e. A, BE d implies A (-1B, A U BE~¢) 
with a minimal element {s} and a maximal element T - { t }  for some s, tE T. Then 
<gv(.~¢) has the MFMC-property,  which can be shown as follows. Let 1: E(V) +R+ 
be an arbitrary function. Consider the directed graph H=(V, Z) in which (x, y)EZ 
if and only if x6A implies yEA for all AE~'. By a well-known theorem in lattice 
theory (see [1]), a proper subset A of T i s  an element of d if and only if there is no 
edge in H leaving A, i.e., having its tail in A and its head in T - A .  Let G be the mixed 
multigraph (V, E(V) tJ Z)  with the set E(V) of undirected edges and the set Z of  
directed ones. Define the lengths l '  of  the edges of G by l'(e)=l(e) if eEE(V) and 
/ ' ( e )=0  if eEZ, and let n(x)(xE V) be the length of a shortest path (with respect 
t o / ' )  from s to x assuming that only paths whose direction corresponds to that 
of  the edges in Z are admitted. Let n(s)=O=ao<al<.. .<a,,=n(t)  be the 
different values of n not exceeding n (t). Put X~= {xE V: n (x )<  al}, f(OXi)= a i -  ai_ 1 
( i=1 . . . . .  m) and f ( C ) = 0  for the remaining C's in flY(d). It is not difficult to 
show that (i) : f i s  /-admissible, (ii): if U is the set of undirected edges of  a shortest path 
in G from s to t, then U meets cgv(d), and (iii): 1 • f =  n ( t ) =  l(U), whence the result 
follows. 

Now we shall introduce several definitions. Two schemes d and d '  on the 
same set T are called equivalent if  cdr(,~')= cgr(d') (and therefore ~'v(d)= g'v(z¢') 
for any V~ T). Clearly ~¢ and d '  are equivalent if and only if, tbr any A c  T, 
{A, T-A}N.~¢~O implies {A, T-A}N . s l ' ¢O  and vice versa. We say that d '  is an 
odd, two-commodity or lattice scheme if ,.~¢' is equivalent to the scheme d in Example 
1,2 and 3, respectively. We say that a subset X c  W separates Y, Z c  W if one of  Y 
and Z lies entirely in X and the other one in W - X .  Two terminals s, zE T are called 
o~-equivalent if there is no A E d separating {s} and {t }. A terminal tE T is called 
d-redundant if f or any AE~q¢, there is a DEal such that sEA* and D*-- A~-- {s} 
for some A*E {A, T - A }  and D*E{D, T--D}. 

Definition A scheme d on T is called compact if T contains neither,~g-equivalent 
pairs of terminals nor d - redundant  terminals. 
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It is clear that if sET is ~¢-redundant, T ' = T - { s }  and ~ ¢ ' = { A ' c T ' :  
A ' = A - - { s }  for some AE~¢}, then ~v(~)=~v(~¢ , )  for any V-2T.  Also it is 
easy to show that i f s  and t are ~'-equivalent terminals, V '=  V -  {s}, and T' and ~¢" 
are defined as above, then cgv(~¢) has the MFMC-property if and only if this property 
holds for ~v'(aff'). Thus, without loss of generality, we may consider only compact 
schemes. 

Theorem 1. Let IV[ >= IT] +2, and let ~¢ be a compact scheme on T. Then the collec- 
tion ~v(M) has the MFMC-property i f  and only i f  ~d is an odd or a two-commodity or 
a lattice scheme. 

In Section 4 the case IV I= [T I + 1 is investigated and we show that in this 
case only one new type of cut families having the MFMC-property is possible. 

2. Proof of Theorem 1 

The "if" part of Theorem 1 was discussed earlier, hence here we prove the 
"'only if" part. Let ~¢ be a compact scheme on T. Without loss of  generality, one may 
assume that ~¢is a symmetric scheme, i.e. A E ~  implies T - A E s ¢ .  

Two subsets A, A ' c  T are said to be crossing (in notation; A g A ' )  if each of  
the four subsets A N A ' ,  A - -A ' ,  A ' - A  and T - ( A U A ' )  is nonempty, and laminar 
(denoted by A[IA') otherwise. A triple of pairwise crossing subsets will be called 
a crossing triple. We say that a pair {A, A'} of members of~¢ is regular if at least one 
of the following two possibilities holds : (i) A - A ' ,  A ' - A E d ,  (ii) A N A ' ,  A U  
UA'E~ .  In particular, {A, A'} is regular if ALIA' (since ~¢ is symmetric). For 
IERZ+ ~v~ and x, yE V, I~(xy) denotes the distance between x and y in the graph Kv 
with edge length function l. The proof of Theorem 1 is based on the following two 
lemmas, the former was proved in [5] while the proof of the latter one is contained 
in Section 3. 

Lemma 2.1. Let .~/ be a scheme on T, let VD T, and let ~v(~¢) have the M F M C -  
property. 

(i) I f  BEb(Crv (~ ) )  and xE V -  T. then x is incident to an even numbers o f  edges inB. 
(ii) p (~,v (d) ,  l) = min{~(/h (st): stE U)}, r 
where the minimum is taken over all minimal subsets UC=E(T) meeting 0 A for 
every AEd,  i.e., C'Eb(~e~(~¢)). | 

Lemma 2.2. Let sJ be a scheme on T, let V ~ T, I VI ~ IT[ +2, and let ~¢v ( ~ )  have 
the M FMC-property. 

(i) I f  A1, A~Ed  are crossbzg and there is an AaE~¢ such that A31}A1 and A~IIA.,, 
then the pair {A~, A2} is regular. 

(ii) Each crossing triple in ~¢ contains at least one regular pair. 

Let P={Y1  . . . . .  Yp} be a partition of T; we admit empty sets Yi in P2 
We say that A ~ T conforms to P if for every i either Yi c_ A or Y~ N A = 0. Let 
(Ta . . . . .  TkIZ 1 . . . . .  Z,,) denote a partition {T 1 . . . . .  Tk, Z1 . . . . .  Z,,} of T in 
which the sets TI . . . . .  Tk are distinguished. 
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Definition. A partition (Tx, ..., Tk[Z1, ..., Z,,) is called essential (with respect to ~¢) 
if(i) k is an odd integer _->3, (ii) each T~ is nonempty (Zj may be empty), and (iii) for 
every i =  1, ..., k, there exists A~E~ ¢ conforming to {7"1, ..., Tk, Zx, ..., Z,,} and 
suchtha t  T~C=A ~ and T~NAi=fJ if j g i .  

The following assertion is one of the main tools in our proof. 

2.3. Let [VI~IT[+I, and let ~gr(~¢) have the MFMC-property. Further let 
( T1, ..., TklZ1 . . . . .  Z,,) be an essential partition o f  T, and T ' =  TI U ... U T k. Then 
there exists AGrJ conforming to {T', Z1, . . . ,Zm}. In particular, T" ~ T  and ( f  
m = 1 then T" (and T -  T')  belongs to sO. 

Proof. Choose a vertex xE V -  T and a terminal q in each T~. Let B be union of the 
sets E(Ta), . . . ,E(Tk),  E(ZO, . . . ,E(T, , )  and {xti: i=1 . . . . .  k}. Two eases are 
possible. 1) B does not meet c~/v(~¢). Then there are A E d  and X c  V such that 
X N T = A  and BAOX=9.  It follows from this that, for any YE{T', Z~ . . . .  , Z,,}, 
either Y ~ A or Y N A = 9, as required. 2) B meets cgv (d ) .  Let B" be a minimal subset 
in B meeting cgv (~) .  By Lemma 2.1, x is incident with an even number of edges in B',  
therefore xt~ ~ B'  for some iE {1 . . . . .  k} since k is odd. Let A ~ be the same as in the 
definition of  the essential partitions. Then B'  N0VA~ = 9, a contradiction. | 

Now we turn to the proof  of the theorem. Let ~v(~¢) have the MFMC-pro-  
perry (in fact, below we use only Lemma 2.2 and 2.3 rather than the condition 
[ V[ => I TI + 2). Let ~¢o be the collection of  minimal sets in ~ .  Since ~¢ is symmetric~ 
I~q¢ °] ~2.  The following two situations are possible: (i) each pair of members ofe~' is 
regular, and (ii) there is at least one nonregular pair in ~¢. 

First we study case (i). Observe that any AE~ t° and DE~¢ are laminar. For  
if some A and D are crossing, then, by the minimality of  A, A ND ~ ,~1 and A--D ¢~¢, 
contrary to the assumption that {A, D} is regular. Thus, for any AE~¢0 and DE~ ¢, 
we have either A C D  or AND=O,  and hence IAI=I for any AE,~¢ °, otherwise T 
would contain ~/-equivalent terminals. Let ~¢o={{s~}: i = l ,  ..., k} and T'--- 
= {si: i=  1, ..., k}. Consider three cases. 

Case 1' k = 2. Then each AE~ ¢ separates {Sl} and {s2}. Let ~¢ '= {AE~: s~EA}. 
We observe that ~¢' is a ring of subsets of T with minimal element {Sl} and maximal 
element T -  {sz}. Indeed, for crossing A, A 'E~ ' ,  the regularity of  {A, A'} and the 
fact that A - A "  ~,r~ (since s~, s ~  A - A ' )  imply A N A ' ,  AUA'E~¢'.  

Case 2: k is odd. It is clear that the partition P =  ({sa} . . . . .  {s~}]T- T')  is essen- 
tial. Applying (2.3) to P we obtain that T - T ' E s ¢ ,  contradicting the definition o f  
.~¢0. 

Case 3." k is an even integer _->4. We show that ~¢ is the odd scheme on T. 
(1) If A ~ T "  and IA I is odd, then AE~¢. This follows from 2.3 applied to the 

essential partition ({s~}, ..., {s~}IT-A) ,  where A =  {sx . . . . .  s~,}. 
(2) If A ~  T and IA N T'  l is even, then A ~a¢. Indeed, suppose that it is not 

so, and let A N T ' = { s ~  . . . . .  s~}. Then the partition ({s~}, ..., {s~}, T - - A I A - - T ' )  is 
essential, and by 2.3, A- -T 'Es¢ ;  a contradiction with the definition of~¢ °. 

Thus, it remains to prove that T ' =  T. Suppose, for a contradiction, that 
Q = T -  T" ¢ 9. We shall show that A U ZE ~ for any AE~¢ and Z ~ Q, and there- 
fore each terminal s in Q is ~- redundant ,  contrary to the compactness o f ~ .  
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(3) If AEs¢, D c A A T ' a n d  [Dl is even, then A-DEs¢.  
lndeed, let W= ( 7 " -  A) U D. Since I T'I is even and A N T" is odd (by (2)), then t W I 
is odd, and hence, by (1), WE~¢. As the pair {A, W } is regular, at least one of A O W 
and A - W = A - D  is an ~ .  But I(AUW)NT'I=[T'I  is even, whence A U W ¢ ~ .  
by (2). Thus, A - D E ~  ¢. 

(4) If AE~¢, D c T ' - A  and IOl is even, then AUDE~¢. 
For if sEANT" and W=DU{s} ,  then WE~¢ and W - A = D ¢ ~ ,  whence 
A U D = A U W E,~I. 

For A c T "  with IAI odd, put .~(A)={ZC=Q: ZUAEa~¢}. It follows from 
(3) and (4) that the set £,e=.oW(A) does not depend on the choice of A. Let Z, Z 'E 
E&a(A). The regularity of {AUZ, AL)Z'} implies A U Z U Z ' ,  AU(ZNZ')EJa¢, 
and so .L¢ is a lattice. Furthermore, if ZE.C~a(A) then Q - Z E S e ( T ' - A )  (since ~¢ is 
symmetric), i.e., £P is a complemented lattice. This fact together with the condition 
that T contains no pairs of ~¢-equivalent terminals implies .o~e=2 Q, as required. 
This completes Case 3 of (i). 

Now we consider case OiL i.e., when ~¢contains a non-regular pair. We prove 
that IT]=4 and ~ '  is a two-commodity scheme on T. As it was pointed out earlier, 
for any A E.N ° and DE~,  the pair {A, D} is regular if and only if A and D are lami- 
nar. Furthermore, it follows from (i) in Lemma 2.2 that, for every A E J ,  there 
exists DE~¢ such that A and D are crossing. Let T ' =  U (A : AE~¢°). First we show 
that [T't---4 and there is an ordering sl, s~, s3, s4=so of the elements of T' such 
that ~¢°L{{s i, si-. x}: i=0,  1, 2, 3}. This splits into a number of simple assertions. 
Let ,4 be an arbitrary set in ~¢0. 

(1) There exist A', A"E~¢ ° such that A'NA"=O, AyrA" and A~'A". 
Indeed, let DE~ ¢ be such that A and D are crossing, and let A" be a minimal set in a~¢ 
contained in D. If `4"IIA then, by Lemma 2.2 (i) applied to A, D and A', the pair 
{A. D} is regular, which is impossible. A" is defined to be a minimal set in ~¢ contained 
in T - D .  

(2) Let A'E~¢ °, A,~,A', and let DE~¢. Then D and A" are crossing for 
exactly one A"E {A, A'}. 
Indeed, ifDllA and D[[A', then, by Lemma 2.2 (i), {A, A'} is a regular pair. If  DkVA 
and D~A', then, by 2.2 (ii), {A,A', 19} contains a regular pair. In both cases we 
obtain a contradiction. 

(3) If A'EM ° and A~A',  then IANA'I=I .  
For supposing s, tEANA', choose a set D in ~¢ separating {s} and {t} (which exists 
because~  is compact). The minimality of  A and A" implies that D~A and Dk~A', 
which contradicts (2). 

(4) Let A' ,A"E~ ¢°, A'NA$'=0, ANA'={s ' }  and ANA"={s"}.  Then 
A = s"} .  
Indeed, suppose, tbr a contradiction, that W =A - {s', s"} is nonempty, and consi- 
der the essential partition (A'--{s'}, A"--{s"}, Wl{s" }, {s"},Z), where Z = T -  
- ( A  U A'U A"). By 2.3, there must exist a set D in ~¢ of one of the following types: 
!) {s}, sE{s',s"}, 2) {s', s"}, 3) Z, 4) {s}UZ, sE{s',s"}, 5) {g',s"}UZ. Each of 
these case leads to a contradiction : i fD is as in 1 or 2, then DE,4; i fD is as in 3, then 
DIIA and DIIA'; if D is as in 4 or 5, then DYrA and either D~A" or Dk~A". 

Thus, we may assume that ,~¢0 contains Ai= {s i, si+~}, i=  1,2, 3. Let .~ be 
a set in ~¢0 different from A;, i=1 ,2 ,  3 (such a set exists in view of (1)). By (4). 
q,g!=2, and now using (2) we easily conclude that ,~=A0= {s4, sl}, as required. 
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It remains to show that Q :  T - T ' = 0 ,  Suppose that it is not so. For any 
DEz~¢, we obviously have Df-)T'=-AI for some iE {0,1, 2, 3}. Put £a(Ai)= 
= {Z c Q: Z U AIE ~¢}. We show that L,e (A~) = 2 e, and therefore each terminal in Q 
is ,~/-redundant, contrary to the compactness of ~¢. First observe that ~(A~) is a 
lattice. Indeed, if D , D ' E ~  are crossing and D f ~ T ' = D ' A T ' = A ~ ,  then {D, D'} 
is regular by Lemma 2.2 applied to D, D' and A~, whence D (-ID', D U D'E s~¢. Below 
all indices are taken modulo 4. 

(5) If  ZE.LP(AI) then Q-ZES~(Ai+O. 
This is trivial if Z = 0  or Z=Q.  Otherwise consider the essential partition 
(Z, {s,}, {s,--~}l {s~+a}, {s~+~}U(Q-Z)) (One should choose A a, A ~ and A ~ in 
the definition of the essential partitions to be T-A~_a, A~ and T--(A~UZ), respec- 
tively). By 2.3, there exists D E ~  of one of the lbllowing types: 1) {s~+~}, 2) ,{s~,_}U 
t_J(Q-Z), 3) {si+~,si+2}U(Q-Z)=A~+aU(Q-Z).  Cases 1 and 2 are impossible 
because in the first case we have DcA~ and in the second one D,~'A~+~ and 
D~'Ai+z. Hence Ai+~LJ(Q-Z)E~,  as required. 

Now (5) together with the obvious fact that ZES~(A~) if and only if Q -  
-ZE,~a(Ai+~) implies that ~'--- cd~'(Ai) does not depend on i and ~ is a complemen- 
ted lattice. Finally, using that T has no pairs of o~¢-equivalent terminals we obtain 
Aa=2 e. 

3. Proof of Lemma 2.2 

The proof is based on the following lemma. 

Lemma 3.1. Let IVI=>IT[+2, let ~[ be a scheme on T such that ~,v(~¢) has the 
MFMC-property, and let S=  {A1, A2, ,43} be a crossing triple in ~ .  Then there 
exists DEo~[ such that D is laminar to at least two members orS. 

Proof. First of all we classify the crossing triples. For a crossing triple Q =  
= {D1, Dz, D3}c2 w, let P(Q) denote the partition {W1, ..., W,,} of W into maxi- 
mal subsets H~ such that either Wj c= D; or 14'j O D i= 0 for i=  I, 2, 3. We say that 
two triples Q={D1, D,,, D3}c2 w and Q'={D~, D~, D.~}~2 w' with P (Q)=  
= {W~ . . . . .  W,,} and P(Q')= {W~ . . . . .  w,,,,} are equivalent (denoted as Q~,Q') if 
re=m" and there are a permutation a on {1, 2, 3} and a permutation 7 on {1 . . . . .  m} 
such that, for any j,  kE {1 . . . . .  m} and iE {1,2, 3}, D i separates W i and Wk if and 
only if D,( n separates ~I~(i) and W~.(k ). In Fig. 1 six pairwise non-equivalent crossing 
triples S~I .... $6 are illustrated. (Here, for r = l  . . . . .  6, every member of P(S,) 
consists of one element and, for each DE S,, a line separating D and its complement 
is drawn). One can prove that an arbitrary crossing triple is equivalant to one of 
S~ . . . . .  $6. The proof reduces to a routine examination of various triples of subsets of 
4, ..., 8-element sets hence it is omitted. 

Now suppose that the hypotheses of Lemma 3.1 hold. We shall use the follow- 
ing theorem due to Lehman [6] : a family -~ of subsets of a set E has the MFMC-pro~ 
petty if and only if the "length-width" inequality 

( . )  Iw ~ rain {I(B): B~b(.~-)} min {w(F): FE,~} 

holds for any IER~ and wERE+, where b(.~) is the blocker of ~ and tw-- 
=~( l (e )w(e ) :e  EE). We apply the "only if" part of this theorem to our E = E ( V )  
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and ~ =(gv(d).  Using (ii) of Lemma 2.1, one can replace ( . )  by 

(!) Iw ~ min { ~ ( s t ) :  UEb(<gr(aC))}min {w(C): CEC6~(d)}. 
s t 6  U 

For IER~, let 

v(I, S) = m i n { ~ '  /,,(st): YEb(•"(S))}. 
,,,t~Y 

Since every UEb(~,,r(d)) meets the family :g r (S)=  {OrA;: i =  I. 2, 3}, then 

(2) s) m i n { Z  .,(s,): -. 
st  :z U 

For wERe+ ()') and A c T ,  define 

d(w,A) = rain {w(aVx): XcV,  X ~ T =  A} 
and 

a(w, S) = rain {d(w, &): i = I, 2, 3}. 

Let ~(u,) denote the collection of proper subsets A of Tsuch that d(w. A)<a(w, S). 
The idea of the proof is as follows. We shall find functions I, wERE+ (v) satis- 

fying 

(3) lw < v(I, S)a(w,S). 

So it will follow from (I), (2) and (3) that dfq.~t(w)#0. A function w will be chosen 
so that each DE.~(w) is laminar to at least two members of S, whence the result will 
follow. 

Let P ( S ) =  {T~ . . . .  , 7",,}; we shall assume that if S ~ S ,  then the indices in 
P(S) correspond to ones in P(S,) as shown in Fig. 1 (That is the permutation y for 
given S and S, is identical). Take one element sj in each T~- (it is convenient to use the 
same symbols as in Fig. 1). 
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Fig. 2 

(a) If S is equivalent to one of $1, $2, $3, $5, Sn, we choose a vertex xE V--T 
and fix the subgraph G'=(V', E') in Kv with the vertex-set V '=  {x, st, s,., s3, s4} 
and the edge-set E'={six: i=1 ,  ..., 4} (see Fig. 2a). 

(b) If S~$4 we choose two vertices x, yE V - T a n d  fix the subgraph G ' =  
=(  V'. E') with vertex-set V ' =  {x, y, s~ . . . . .  s6} and edge-set as illustrated in Fig. 2b. 
(This is the only place of  our proof  where we use the condition { V I->_ ITI +2). 

Define two functions / and ~ /on  E(V) by 

1 if eEE', 
l(e) : [{i: 1 ~ i ~ 3, eE0rAi}l if eEE(T), 

M otherwise, 

M if eEE', 
w'(e) = if eEE(Tj), 

otherwise, 
j ~ 1, . . . ,  m ,  

where M is a large positive number. One can check that: (i) if S is equivalent to one 
of  St, $2, Sz, $5, Sn then v(I, S)=>3, a(w', S ) = 2  and lw'=[E'[=4; and (ii) if 
S ~ $4 then v(I, S)--- 3, a(w', S) = 3 and hv' = IE'] = 7. (The proof  is left to the reader; 
see also [5].) Thus, in each case we have hv '<  v(l, S)a(w', S). Note also that the inequ- 
ality w' (Ovx)-< M holds only if the set D = Xfq T conforms to P(S), and hence .~. (w') 
can contain only such sets D. If  S~S1 then P ( S ) =  {Tt, T~., Ta. T4} and, obviously, 
no members distinct from Tj (and T-Tj)  can be in .~,(w'); and so, our lemma is 
valid in this case. (Below we shall see that this case cannot occur, but at this point it 
does not matter.) Unfortunately, in the other five cases ~(w ' )  is still too large and 
this does not enable us to take w" as required. For  this reason, we define w to be 
w'+w",  where w"ER~ ~v~ is a function satisfying 

(4) 

(5) 
and such that 

(6) 

w"(OAi) = q, i = 1, 2, 3, 

w " ( e ) : 0  for each eEE(V)-E(T), 

d(w', D)+w"(OTD) ~ a(w', S)+q 

will be valid for each "undesirable" D in g~(w'), i.e., if I{i: DIIA/} [ -< 1, where q is a 
positive number. Note that (5) implies w"(OrX)= w"(OrA) for any X c  V and A :  
:-X(~ T. Thus, (6) can be rewritten as d(w, D)>:a(w, S), and therefore D does not 
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belong to (~(w). Next, by (4), (5) and the definition of / ,  we have 

lw",=~(l(e)w"(e): eEE(T)) =~(w"(OTA~): i = 1, 2, 3) = 

= 3q <= v(l, S)a(w", S), 
and so, (3) is true for any considered 1 and w. 

~ It remains to point out such functions w" for each of cases S~S , ,  r=2 ,  ..., 6. 
These functions are illustrated in Fig. 3. Here multigraphs H~_ . . . . .  /-/6 are drawn; 

$2 St, 

°s~ 53 

Sz 5 3 

s s s s s~ 

S~ S s 5 s 

Ft~,,. 3 

for S ~ S r  and .E~'EE(T), w"(x3') is defined to be the number of edges of H, connect- 
ing the vertices x and y. It is easy to check that (4) is true for any w". The verification 
of (6) requires examination of subsets D of form Tj U...  U T~., which are crossing with 
at least two members of  S. For  example, let S~S~. (We consider this case because 
we shall need it again in what follows). We have a(w', S ) = 2  and q =  1. One can see 
that ,~(w') consists of {T1} . . . . .  {To}, {T.~, Tj}, ./= 1 . . . . .  4, and their complement- 
ary sets. But for D = {Ts}, {Ts, Tj}, j =  1 . . . . .  4, the left hand side of  (6) is at least 
3, thus ~(w) consists only of {T~} . . . .  , {T4} and their complements, each of which is 
laminar to all A~, i=  1, 2, 3. The other cases can be checked similarly. This comple- 
tes the proof of Lemma 3.1. !1 

Using Lemma 3.1, we now prove Lemma 2.2. 
(1) If A, A', D E~', A.trA" and D=T--(AOA'), then AI~IA'E~ ¢. This 

follows from 2.3 applied to the essential partition (A--A', A ' -A ,  D[A f~A'). 
(2) Let A, A ' E d  be crossing. Then A A A ' ~ L  where A denotes symmetric 

difference. 
Indeed, suppose, for a contradiction, that AAA'C~. Clearly, both 
(A-A',A'--A,T--(AOA')IAFIA')  and (T-(AUA') ,  A f lA ' ,A ' - -A[A-A ' )are  
essential partitions, whence, by (2.3), A ( A ' E d  and A - A ' E d .  But then the par- 
tition (AOA', A - A ' ,  T-AtO ) must be also essential, a contradiction. 

(3) Let A, A', DEo~ ¢, AY(A', DcT- (A(JA ' ) ,  Z=ANA" and Z ' - -  
=T-(AUA'OD) .  Then at least one of  Z, A - A ' .  A ' - A  and ZUZ" is a member 
o f ~ ' .  
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Indeed, applying 2.3 to the essential partition (A-A ' ,  A'--A, DIZ, Z') shows that 
one of Z,Z"  and ZUZ" is in a¢. Supposing Z ' C a /  and applying 2.3 to 
(D, Z', Z IA-A' ,  A'--A), we obtain that one of A - A ' ,  A ' - A  and AAA" is in ~¢/. 
Now the result follows from (2). 

Next we prove (i) from Lemma 2.2. Let A~, A.,, AaCsg, A,/(A2 and A.,[1A i, 
i =  1,2. One may assume that A3 c= T-(A~ U A2). In view of (1), it suffices to show 
that one of A~-A.,, A.,-A~, AIOA~ and T-(A~ (JA2) is a member of,v/. Thus, we 
may assume that Aa does not coincide with T--(A, UA2). Let Z=AtNA~ and 
Z'=T-(AaUA2UAa).  By (3), if none of Z,A~--A., and A2-A~ is in .Ja', then 
ZtJZ'£,~.  Clearly S'={A~, A2, ZUZ '}  is a crossing triple and S'~S~.  It was 
shown in the proof  of  Lemma 3.1 that in this case at least one of A~-A~, A~-A~, Z 
and Z '  is in .~.  But if Z'~aff,  then, by (1) (used with A=A~, A ' = T - ( Z U Z ' )  
and D=Z'), we have A,O(T-(ZUZ' ) )=A~--A~e¢ .  This proves part  (i) of  
kemma 2.2. 

Lemma 2.2 (ii) follows immediately from (i) and Lemma 3.1. This completes 
the proof  of  Lemma 2.2 and Theorem 1. 

1. T h e  c a s e  IV[ = IT I -I- 1 

I f  we weaken the hypothesis of Theorem 1 by setting }VI ~ iT] + 1 instead of 
JVI :~ [TI +2 ,  then a priori schemes d different from the ones described in the theo- 
rem may appear, for which c6~v(d) has the MFMC-property .  Let T =  {sa . . . . . .  v,;}, 
and let ,J~ denote the scheme on Tconsisting of four subsets Ai= {si, si+ ~, s,+.,}, 
i=  1,2, 3, and A~= {sl. s:~, ss}. We say that a scheme d on T is octahedral if it is 
equivalent to r id.  (A motivation of using such a term is that if IV[= ]TI + t and 
{x}= V -  T and if the elements of  Tare  thought to be the vertices of  an octahedron 6~ 
and x to be its centre, then the cuts of ~gv(~q,) correspond to the eight partitions of  
V induced by planes parallel to faces of  (9.) 

Theorem 2. Let [ V [ = ] T [ + I ,  let d be acompactschemeon T, andlet .~ be not 
octahedral 0 f i T [ = 6 ) .  Then cgv(o~g) has the MFMC-properO, (f  and only (f J is an 
odd or a two-commodity or a lattice scheme. 

A sketch of a proof  is as follows. Let t V I = [ T I + I ,  and d b e  a symmetric 
compact  scheme on T having the MFMC-proper ty .  One can see from the proof  of  
Theorem 1 that if both statements in Lemma 2.2 hold for some d and V, then d is 
an odd or a two-commodity or a lattice scheme (since in the proof  developed in Sec- 
tion 2 we use, in fact, the condition V ~ T  rather than IVI=>[T]+2). Furthermore. 
one can see from the proofs of  Lemmas 2.2 and 3.1 that part  (i) of  Lemma 2.2 as well 
as part  (ii) in the cases S-,~ $4 remain true for given ~ and V. Thus, we may assume 
that ~¢contains a triple S'={A~, A2, Aa} such that S'~Sa.  S" contains no regu- 
lar pair and there exists no DEa¢ laminar with at least two members of  S ' .  We show 
then that ~¢ is octahedral. We may assume also that A~=T~kJT~+zUT~+2, i-- 
= 1, 2, 3, where {Ta, ..., T,~, T 6= T0} is a partition of T into nonempty subsets. 
We observe that T~-~,sg and TjUTj+~CtJ for j = 0  . . . . .  5 (otherwise S '  would 
contain a regular pair), and that T;UTj ,~d  if 2_<--I/"--j1~4 (otherwise 
{A~,Ao_,Aa, TjUTj,} would contain a crossing triple equivalent to Sa, which 
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impfies T i ( a ~  or Tj,6~¢). Now applying 2.3 to the essential part i t ion 
(Tz, 774, T~]T~, T 3, 7"5) shows tha t  A 4 = T ~ U T 3 U T ~ E ~ .  Clearly, each triple of  
A~, Az, A3, A4 is equivalent to $4 and each pair  is non-regular .  Let  ~¢' be the set o f  
members  o f  ~¢ different f rom Aa, A2, A3, A4 and their  complements  with respect to 
T. W e  show tha t  d '  = 0. 

Supposing the opposi te ,  let D be a member  o f  ~¢" with ]D I minimal.  Let ~ be 
the set o f  A~'s (1~i<_-4) such that  D and A~ are crossing. Clearly [ ~ ] = 3  or 4. The  
minimali ty  o f  D implies that  {D, At} is non-regular  for  every A~EJA, and therefore  
each triple in .~t.A {D} is equivalent  to $4. Let, for  definiteness, At,  A~, A 3 ( ~ .  It  
is easy to show tha t  T~[5 T ~ + ~ D c T i _ t U  T iU  Zi~UT~+o_ for some 0-<_j=<5 and 
D N T k ~ ,  T k for  k = j - I ,  j + 2  (indices are taken modulo  5), which implies 
D,~'A4. Thus,  [.~[ : 4 .  Now,  assuming,  e.g. that  T~ t.3 T . ,c  D we obtain {A2, A4, D} 
~ $ 6 ,  a contradict ion.  Finally, since T has no ~/-equivalent  pairs, ] T i I : I  for 

j =  i . . . .  ,6 .  Therefore ,  ~¢ is an octahedral  scheme, as desired. I 

Unfor tunate ly ,  1 do not  know whether  or not the family c6;v(s#~), ( I V ! - 7 )  
has the M F M C - p r o p e r t y ,  but  I think it has. 

Acknowledgement. I am indebted to the referee and to V. P. Grishuhin for their  
valuable  remarks .  
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